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Abstract: 

Integral transforms have long served as powerful analytical tools in engineering and applied mathematics, offering elegant 

and computationally efficient solutions to a broad class of differential equations. However, classical transform formulations 

are inherently static, and their performance often deteriorates when applied to strongly nonlinear, time-dependent, or 

dynamically evolving engineering systems. In modern applications characterized by sharp gradients, Multiphysics coupling, 

and rapidly changing boundary conditions, fixed transform kernels can lead to numerical instability, reduced spectral 

accuracy, and distortion of key physical features. 

This study introduces a self-evolving integral transform framework in which artificial intelligence is embedded directly within 

the transform kernel. Rather than functioning as a passive mathematical operator, the transform becomes adaptive: kernel 

parameters are continuously updated during computation based on residual feedback and system response indicators. 

Through this learning-driven mechanism, the transform dynamically adjusts its internal structure in real time, improving 

convergence behavior, stabilizing inverse operations, and better preserving physically meaningful solution characteristics. 

The proposed method is evaluated using the relative 𝐿2error norm and residual reduction metrics, and benchmarked against 

classical fixed-kernel integral transforms, spectral methods, and the finite element method (FEM). Numerical experiments 

demonstrate average error reductions of 37.6%, 34.2%, and 29.8%, respectively. Although the adaptive framework introduces 

a modest computational overhead—less than 12% compared with traditional transform techniques—it provides significantly 

improved spectral stability and overall solution accuracy. 

Keywords: Adaptive Integral Transforms, AI-Driven Kernel Learning, Nonlinear Differential Equations, Hybrid 

Analytical–AI Methods, Engineering Systems, Spectral Stability 

1. Introduction  

Engineering systems in heat transfer, fluid mechanics, structural dynamics, electromagnetics, and propulsion are 

governed by differential equations derived from conservation principles. These equations are often nonlinear, 

strongly coupled, and multiscale, reflecting the complexity of real physical processes. Developing accurate and 

stable analytical or computational methods for such systems therefore remains a central challenge in applied 

mathematics and engineering analysis. 

Integral transform techniques have long provided powerful tools for addressing this challenge. Classical 

transforms—including the Laplace, Fourier, Mellin, and Hankel transform differential operators into algebraic 

forms, enabling closed-form or semi-analytical solutions for many linear and weakly nonlinear problems [1,2]. 

Owing to their strong theoretical foundations and well-defined inversion properties, these methods have been 

widely applied in heat conduction, wave propagation, vibration analysis, and diffusion modeling. 

Despite their effectiveness in structured settings, classical transform methods face significant limitations in modern 

nonlinear applications. Traditional kernels are derived under assumptions of linear material behavior, smooth 

boundaries, and stationary parameters. In contrast, real-world engineering systems frequently involve strong 
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nonlinearities, sharp gradients, turbulence, discontinuities, and Multiphysics coupling. Under such conditions, 

fixed-kernel transforms may exhibit spectral distortion, instability during inversion, and loss of physically 

meaningful solution features. Similar stability and convergence issues have been reported in advanced numerical 

and learning-based PDE solvers when addressing highly nonlinear regimes [4–6,9,16]. 

To improve robustness, several extensions have been developed, including high-order spectral methods, spectral-

element formulations, and enhanced regularization strategies [2,4,15]. While these approaches improve numerical 

treatment and stability, they do not modify the transform operator itself. The kernel—central to convergence and 

spectral behavior—remains fixed and independent of evolving system dynamics. 

In parallel, artificial intelligence has introduced powerful data-driven alternatives for solving differential 

equations. Physics-informed neural networks (PINNs) [4,6], adaptive sampling techniques [7,8], neural operators 

[10,11], and latent-space operator learning methods [12] have demonstrated strong flexibility for nonlinear and 

high-dimensional systems. However, these methods typically replace classical solvers entirely or treat integral 

transformations as static tools. The transformation itself remains outside the learning process. 

Hybrid numerical–AI approaches attempt to combine classical structure with learning-based adaptability, often 

using AI to accelerate convergence or correct numerical errors [8,12,17]. Yet even in these frameworks, the 

transform kernel continues to function as a passive mapping operator. The possibility of allowing the kernel itself 

to evolve dynamically has received little attention. 

This study addresses that gap by introducing a hybrid AI-driven integral transform framework in which kernel 

parameters are treated as learnable quantities. By embedding residual-based learning directly into the transform 

operator, the kernel adapts continuously in response to evolving system behavior. Unlike PINNs and neural 

operators—which approximate the entire solution space using deep networks [4,10–12]—the proposed approach 

preserves the analytical structure of classical transforms [1,2] while introducing controlled adaptability. 

Through nonlinear case studies in heat transfer, turbulent flow, and thermoelastic wave propagation, the 

framework demonstrates improved convergence, enhanced spectral stability, and higher accuracy compared with 

traditional fixed-kernel transforms. In this formulation, adaptability is not imposed externally; it is built into the 

transform operator itself, extending the relevance of integral transform theory to modern nonlinear engineering 

systems. 

2. Background and Related Work 

Over the past several decades, significant efforts have been devoted to extending classical integral techniques into 

increasingly complex engineering problems. Early advances concentrated on improving numerical inversion 

algorithms, spectral filtering strategies, and regularization techniques to stabilize inverse transforms and mitigate 

oscillations arising from truncation and discretization errors [1–3]. These developments were particularly 

important in addressing the ill-posed nature of inverse operations in applications such as heat transfer and wave 

propagation. 

In parallel, high-order discretization strategies—including spectral and spectral-element methods, were introduced 

to enhance solution accuracy, especially for smooth or moderate nonlinear systems [2,4,15]. When integrated with 

transform-based formulations, these techniques broadened the applicability of analytical solvers to fluid dynamics, 

thermoelectricity, and vibration analysis. However, despite improvements in stability and convergence, these 

approaches largely refined the numerical treatment surrounding the transform, while the internal structure of the 

transform kernel itself remained fixed. 

This fixed-kernel assumption represents a fundamental limitation. Classical integral transform kernels are 

problem-independent and derived under simplifying assumptions such as linearity, smooth boundaries, and 

stationary parameters. In strongly nonlinear or dynamically evolving systems—such as turbulent flows, thermal 
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shocks, or Multiphysics coupling—these assumptions no longer hold. Under such conditions, fixed kernels may 

lead to spectral distortion, numerical instability during inversion, and degradation of physical accuracy [6,7,16]. 

Similar convergence and stability challenges have also been reported in advanced PDE solvers, including physics-

informed learning frameworks [4,9]. 

At the same time, rapid developments in machine learning have introduced data-driven alternatives for solving 

differential equations. Physics-informed neural networks (PINNs) [4,6], adaptive sampling techniques [7,8], 

neural operators [10,11], and latent-space operator learning methods [12] integrate governing equations directly 

into learning architectures. These methods have demonstrated strong flexibility in nonlinear, high-dimensional, 

and complex-geometry settings. Error analysis and convergence studies further support their theoretical foundation 

in certain regimes [9,16]. 

Despite their adaptability, most learning-based approaches either replace classical numerical solvers entirely or 

treat integral transforms as static preprocessing tools. The transform kernel itself remains external to the learning 

process and does not evolve during computation [12]. Consequently, the possibility of allowing integral 

transformers to adapt internally in response to system dynamics has received limited attention. 

Hybrid numerical–AI frameworks have sought to combine the robustness of classical solvers with the flexibility 

of machine learning. In these approaches, AI is typically used to accelerate convergence, tune discretization 

parameters, or predict correction terms for traditional methods [8,12,17]. While such strategies improve 

computational efficiency, they do not fundamentally redefine the transform operator. The kernel functions that 

govern spectral behavior and inversion stability remain fixed and externally prescribed. 

More recent work has begun exploring AI-assisted enhancements within transform-based settings. AI-augmented 

transform techniques have demonstrated improved solution accuracy for nonlinear differential equations through 

learning-based corrections in transform space [14]. Hybrid AI-driven formulations have also shown improved 

stability in nonlinear engineering applications, including Multiphysics and propulsion-related systems [18]. High-

order numerical investigations further emphasize the importance of adaptive mechanisms in preserving accuracy 

for complex engineering PDEs [15,17]. Nevertheless, in these studies, kernel adaptability remains limited, and a 

fully self-evolving transform operator has not been systematically developed. 

This reveals a clear research gap: integral transform frameworks in which kernel parameters themselves are treated 

as learnable quantities remain largely unexplored. In nonlinear and dynamically evolving systems, the optimal 

spectral representation may vary across space and time, rendering static kernels inherently suboptimal. 

The present study addresses this gap by introducing an adaptive integral transform framework in which kernel 

parameters evolve dynamically through residual-driven learning. By embedding artificial intelligence directly into 

the transform kernel, the operator adapts in response to stability indicators and system feedback during 

computation. This integration preserves the analytical structure and interpretability of classical transforms [1,2] 

while incorporating the adaptability of modern machine-learning approaches [4,8,12,14]. 

In this formulation, the integral transformation is no longer a passive mathematical operator. Instead, it functions 

as a learning-enabled computational component capable of responding to nonlinear dynamics and Multiphysics 

interactions. This perspective extends transform-based analysis beyond traditional linear regimes and provides a 

structured pathway for addressing contemporary nonlinear engineering systems. 

3. Hybrid AI-Driven Transform Framework 

The proposed framework introduces a class of adaptive integral operators in which transform kernel parameters 

are treated as learnable quantities rather than fixed mathematical constants. In classical integral transform theory, 

kernels—such as exponential, oscillatory, or polynomial functions—are predefined and remain unchanged 
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throughout computation [1,2]. While this assumption simplifies analysis and guarantees analytical tractability, it 

restricts performance in nonlinear, time-dependent, or nonstationary engineering systems. 

In practical applications, system characteristics—including material properties, boundary conditions, and source 

terms—often evolve over time. Under such conditions, a static kernel may only perform adequately within a 

limited operating regime. Outside this range, fixed kernels can lead to spectral distortion, inversion instability, or 

degradation of physically meaningful solution features [6,15,16]. Similar sensitivity to nonlinear dynamics has 

been observed in spectral methods and learning-based PDE solvers when model structure remains rigid [4,9]. 

To address this limitation, the proposed framework allows kernel parameters to evolve dynamically in response to 

system behavior and residual feedback. During each computational iteration, the governing differential equations 

are mapped into the transform domain using the current kernel configuration. Residual errors—defined as the 

discrepancy between the reconstructed solution and the governing equations—are evaluated and used as learning 

signals. These residuals guide parameter updates through gradient-based optimization and adaptive learning 

strategies grounded in convex optimization and automatic differentiation theory [3,12]. 

By iteratively reducing residual norms while enforcing regularization and stability constraints, the kernel 

parameters progressively adjust to better capture evolving system dynamics. This creates a closed-loop learning 

mechanism in which the transform operator adapts continuously as the solution develops. Unlike classical 

transforms, which passively map functions between domains, the adaptive operator actively responds to system 

feedback. Feedback-driven optimization strategies have been shown to enhance convergence and stability in 

PINNs, neural operators, and spectral methods [4,7,8,11]. However, in those approaches, learning typically 

surrounds the solver rather than redefining the operator itself. The key distinction here is that adaptability is 

embedded directly within the transform kernel. 

The advantages of kernel adaptability become particularly evident in problems characterized by strong 

nonlinearities and sharp transitions. In turbulent flow simulations, rapidly evolving energy spectra can cause 

instability or truncation errors in classical spectral and transform-based approaches [2,4]. Similarly, thermal shock 

and thermoelastic wave problems often involve localized steep gradients that fixed kernels struggle to resolve 

accurately [6,15]. By allowing the kernel to adjust dynamically to changing spectral content, the proposed 

framework improves stability and preserves solution fidelity without excessive discretization. 

From a theoretical standpoint, the adaptive strategy remains grounded in classical transformation theory. The 

operator retains its integral structure and inversion properties [1,2], while parameter evolution is regulated through 

residual penalties, smoothness constraints, and boundedness conditions to ensure convergence [3,9]. Recent 

advances in neural operator theory and latent-space learning further support the feasibility of learning mappings 

between function spaces while maintaining stability guarantees [10–12,16]. This combination of analytical 

structure and controlled learning distinguishes the present framework from purely data-driven solvers, which may 

lack interpretability or rigorous convergence analysis. 

Recent studies have explored AI-assisted enhancements within transform-based or numerical frameworks. AI-

augmented integral transformation techniques have reported improved accuracy for nonlinear differential 

equations [14], and hybrid AI-driven formulations have demonstrated enhanced stability in Multiphysics and 

engineering applications [18]. High-order numerical investigations likewise emphasize the importance of adaptive 

mechanisms in preserving accuracy in complex PDE systems [15,17]. Nevertheless, in these works, adaptability 

is typically applied externally to fixed operators. A systematically self-evolving transformation kernel has not been 

fully developed. 

By embedding artificial intelligence directly into the transform kernel, the proposed hybrid framework advances 

this direction. The integral operator becomes a learning-enabled component that adjusts to nonlinear dynamics 

while preserving analytical interpretability. This integration bridges classical transform theory and modern 
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intelligent computation, offering improved accuracy, enhanced stability, and controlled computational efficiency 

for nonlinear and dynamically evolving engineering systems. 

4. Mathematical Formulation 

Many nonlinear engineering systems can be expressed in the general operator form 

ℒ(𝑢(𝑥, 𝑡)) + 𝒩(𝑢(𝑥, 𝑡)) = 𝑓(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω × [0, 𝑇],   (1) 

The governing nonlinear system is represented by Equation (1), which combines linear and nonlinear operator 

contributions. 

where: 

• ℒdenotes a linear differential operator (e.g., diffusion, elasticity, or wave operators), 

• 𝒩represents nonlinear contributions such as convective, material, or coupling effects, 

• 𝑓(𝑥, 𝑡)is an external forcing term, and 

• Ω ⊂ ℝ𝑑defines the spatial domain. 

Such formulations arise naturally in nonlinear heat conduction, Navier–Stokes equations, thermoelastic wave 

systems, and related Multiphysics models [1,2,21]. 

Classical solution strategies often rely on integral transforms to simplify these operators. However, traditional 

approaches assume fixed kernels, which can limit robustness in nonlinear and dynamically evolving regimes [1,6]. 

4.1 Adaptive Integral Transform Definition 

In classical transform theory, a predefined kernel 𝐾0(𝑥, 𝜉)is used to map functions from the physical domain into 

the transform domain [1,2]. 

In the proposed framework, the transform kernel is parameterized and allowed to evolve: 

𝒯𝜃[𝑢](𝜉, 𝑡) = ∫ 𝐾(𝑥, 𝜉; 𝜃) 𝑢(𝑥, 𝑡) 𝑑𝑥,
Ω

                                      (2)  

Equation (2) defines the adaptive integral transform with learnable kernel parameters. 
where: 

• 𝜉denotes transform variables, 

• 𝜃 ∈ ℝ𝑀represents learnable kernel parameters, 

• 𝐾(𝑥, 𝜉; 𝜃)is the adaptive kernel. 

This formulation preserves the analytical structure of classical transforms while introducing controlled adaptability 

[1,2]. 

4.2 Kernel Parameterization 

Two parameterization strategies are considered. 

(A) Basis Expansion Form 

𝐾(𝑥, 𝜉; 𝜃) = ∑ 𝜃𝑖
𝑀
𝑖=1  𝜙𝑖(𝑥, 𝜉),                               (3)     
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Equation (3) describes the basis expansion parameterization of the adaptive kernel. 

where {𝜙𝑖(𝑥, 𝜉)}𝑖=1
𝑀 are predefined basis functions (e.g., Fourier modes, Gaussian kernels, or polynomial bases), 

and 𝜃𝑖are trainable coefficients. 

Such spectral basis expansions are consistent with classical transformation and spectral-element formulations 

[2,15]. 

In numerical experiments, 𝑀 = 20–50, depending on system complexity. 

(B) Neural Parameterization (Optional) 

Alternatively, the kernel may be represented using a shallow neural network: 

𝐾(𝑥, 𝜉; 𝜃) = NN𝜃(𝑥, 𝜉),                                         (4) 

An alternative neural representation of the transform kernel is provided in Equation (4) 

where NN𝜃contains: 

• Two hidden layers, 

• 32–64 neurons per layer, 

• Smooth activation functions (e.g., tanh). 

This parameterization aligns with operator-learning strategies and neural operator formulations that learn 

mappings between function spaces [10–12], while preserving the integral structure of the transform. 

4.3 Transformed System 

Applying the adaptive transform to the governing equation yields: 

𝒯𝜃[ℒ(𝑢)] + 𝒯𝜃[𝒩(𝑢)] = 𝒯𝜃[𝑓].                                           (5)  

Applying the adaptive transform yields the transformed system shown in Equation (5). 

After algebraic manipulation in transform space and inverse transformation, an approximate solution 𝑢𝜃(𝑥, 𝑡)is 

reconstructed. 

Unlike purely data-driven solvers such as PINNs [4,6] or neural operators [10–12], the present formulation retains 

an explicit transform-based analytical backbone. 

4.4 Residual Definition 

The physical-domain residual is defined as: 

𝑅(𝑥, 𝑡; 𝜃) = ℒ(𝑢𝜃) + 𝒩(𝑢𝜃) − 𝑓(𝑥, 𝑡).                                (6)  
 

The residual formulation in Equation (6) measures PDE consistency. 

This residual quantifies the consistency of the adaptive transform solution with the governing PDE, similar in 

spirit to residual-based formulations in PINNs [4,9]. 

4.5 Loss Function Formulation 

Kernel parameters are updated by minimizing a composite loss function: 
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𝒥(𝜃) =∥ 𝑅(𝑥, 𝑡; 𝜃) ∥𝐿2(Ω)
2 + 𝜆1 ∥ 𝜃 ∥2

2+ 𝜆2 ∥ ∇𝜉𝐾(𝑥, 𝜉; 𝜃) ∥𝐿2
2 ,                                    (7) 

Kernel optimization is performed by minimizing the composite loss function in Equation (7). 

where: 

• The first term enforces PDE consistency, 

• The second term regularizes parameter magnitude, 

• The third term promotes spectral smoothness, 

• 𝜆1, 𝜆2 > 0are regularization parameters. 

Residual-based optimization and regularization are well-established strategies in convex optimization and 

learning-based PDE solvers [3,4,9]. 

4.6 Parameter Update Rule 

Parameters are updated iteratively via gradient descent: 

𝜃𝑘+1 = 𝜃𝑘 − 𝜂∇𝜃𝒥(𝜃𝑘),                                    (8) 

Parameter updates follow the iterative gradient descent rule given in Equation (8). 
where: 

• 𝜂 > 0is the learning rate, 

• Gradients are computed using automatic differentiation [5,12]. 

Adaptive optimization ensures systematic reduction of residual error while maintaining bounded parameter 

growth. 

4.7 Convergence Analysis 

Theorem 1 (Monotonic Residual Reduction) 

Assume: 

1. 𝒥(𝜃)is continuously differentiable, 

2. ∇𝜃𝒥is Lipschitz continuous with constant 𝐿, 

3. The learning rate satisfies 

0 < 𝜂 <
2

𝐿
. 

Then: 

𝒥(𝜃𝑘+1) ≤ 𝒥(𝜃𝑘). 
This guarantees monotonic decrease of the loss function. 

Proof:  

From convex optimization theory [3]: 

𝒥(𝜃𝑘+1) ≤ 𝒥(𝜃𝑘) − (𝜂−
𝐿𝜂2

2
) ∥ ∇𝜃𝒥(𝜃𝑘) ∥2 .                                      (9)   

The convergence guarantee is formally established in Equation (9). 
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For 0 < 𝜂 < 2/𝐿, the descent term is positive, ensuring convergence. 

This aligns with convergence analyses in learning-based PDE frameworks [9,16]. 

4.8 Spectral Stability and Boundedness 

To prevent instability during inversion: 

• Kernel smoothness penalties regulate spectral energy, 

• Parameter norm regularization prevents divergence, 

• Residual minimization enforces PDE consistency. 

Consequently, the operator satisfies: 

∥ 𝒯𝜃 ∥≤ 𝐶(∥ 𝜃 ∥), 

for bounded 𝜃, ensuring stability. 

Such boundedness conditions are consistent with classical transform theory [1] and operator-learning stability 

analyses [10–12]. 

4.9 Computational Complexity 

Let: 

• 𝑁= number of spatial discretization points 

• 𝑀= kernel parameter dimension 

Then: 

• Classical transform complexity: 𝑂(𝑁log 𝑁)[2] 

• Kernel update step: 𝑂(𝑀𝑁) 

• Total per-iteration complexity: 

𝑂(𝑁log 𝑁 + 𝑀𝑁). 

For 𝑀 ≪ 𝑁, the additional overhead remains moderate (≈10–15%), significantly lower than typical deep neural 

training costs 𝑂(𝑁 × epochs × network size)[4,12]. 

4.10 Summary of Mathematical Contribution 

The proposed formulation differs from classical transform techniques in that: 

• The integral operator remains analytically defined [1,2], 

• Kernel parameters are treated as learnable variables, 

• Stability is enforced through regularization and boundedness conditions, 

• Convergence follows gradient-descent theory [3], 

• The framework bridges classical transform theory and operator-learning principles [10–12]. 

This establishes a mathematically grounded adaptive transform framework, rather than a purely heuristic AI-based 

correction mechanism. 

5. Computational Implementation 
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The proposed framework is implemented using a hybrid MATLAB–Python environment, chosen to combine the 

strengths of symbolic computation with the flexibility of modern machine-learning tools. MATLAB is used for 

symbolic manipulation, formulation of integral transform operators, and verification of analytical expressions. 

Python is responsible for adaptive optimization and learning-based updates of the transform kernels, allowing 

efficient handling of nonlinear and large-scale problems [11,21]. 

This dual-platform approach creates a clear separation between analytical modeling and learning-driven 

optimization. In practice, MATLAB is used to define the base transform structure and initial kernel forms, while 

Python iteratively updates kernel parameters using residual feedback from the governing equations. Such a 

workflow has proven effective in hybrid analytical–computational frameworks, where mathematical rigor must be 

preserved alongside numerical adaptability [11]. 

The learning component of the framework relies on modern machine-learning libraries such as PyTorch, which 

provide automatic differentiation, adaptive optimization algorithms, and GPU acceleration [12]. Automatic 

differentiation enables accurate and efficient computation of gradients for residual-based loss functions, removing 

the need for manual derivative calculations. GPU acceleration significantly reduces computational time, 

particularly for high-resolution simulations involving turbulence, nonlinear heat transfer, or strongly coupled 

multiphysics systems. 

Kernel parameters are updated using adaptive optimization methods, including gradient-based and momentum-

driven algorithms [13]. These methods are well suited to the nonlinear optimization landscape associated with 

residual-driven kernel learning. For example, in nonlinear heat conduction problems, the optimizer allows the 

kernel to adjust rapidly near regions of steep thermal gradients, improving accuracy while avoiding excessive 

spatial refinement [9,23]. 

To ensure numerical stability and reliable convergence, the implementation incorporates several convergence 

monitoring and stabilization strategies. Residual norms are tracked throughout the computation to assess solution 

accuracy, while gradient clipping and normalization techniques are applied to prevent instability due to large 

parameter updates [13]. Early stopping criteria are also employed to terminate the learning process once further 

improvements become negligible, reducing unnecessary computational cost. 

These stabilization mechanisms are especially important in challenging applications. In turbulent flow simulations, 

where energy spectra evolve rapidly across multiple scales, residual monitoring helps identify regions where kernel 

adaptation is most critical, leading to improved spectral resolution and stability [4,14]. In thermoelastic wave 

propagation problems, stabilization strategies suppress inversion artifacts and ensure smooth reconstruction of 

coupled thermal and mechanical fields [15]. 

The computational framework is designed to be modular and extensible. Additional physical models, optimization 

strategies, or problem-specific constraints can be incorporated with minimal modification. For instance, nonlinear 

vibration problems with amplitude-dependent stiffness or electromagnetic field simulations in nonlinear media 

can be accommodated by extending the kernel parameterization and residual formulation [16,18]. 

Overall, computational implementation demonstrates that embedding learning mechanisms directly into integral 

transform operators is both practical and efficient. By combining symbolic precision, automatic differentiation, 

adaptive optimization, and modern hardware acceleration, the proposed framework provides a robust 

computational platform for solving nonlinear and dynamically evolving engineering problems. 

6. Results and Discussion:   

The performance of the proposed adaptive integral transform framework was evaluated using three representative 

nonlinear engineering problems: 

1 Nonlinear heat conduction with temperature-dependent diffusivity 
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2 Two-dimensional incompressible turbulent flow 

3 Thermoelastic wave propagation with coupled thermo-mechanical fields 

These problems were selected because they represent increasingly challenging nonlinear and Multiphysics regimes 

where classical transform methods and spectral techniques may exhibit stability limitations [1,2,15,21]. 

All simulations were implemented using MATLAB R2023b and Python (PyTorch 2.1), combining symbolic 

transformation with automatic differentiation and optimization capabilities [5,12]. Computations were performed 

on: 

• Intel i7 (3.6 GHz) CPU 

• 32 GB RAM 

• NVIDIA RTX 3060 GPU 

Unless otherwise stated, the kernel parameter dimension was 𝑀 = 40, learning rate 𝜂 = 10−3, and regularization 

parameters 𝜆1 = 10−4, 𝜆2 = 10−3.  

Accuracy was assessed using the relative 𝐿2error: 

Relative 𝐿2 Error =
∥ 𝑢ref − 𝑢approx ∥𝐿2

∥ 𝑢ref ∥𝐿2
,                          (10) 

Solution accuracy is quantified using the relative L2 error defined in Equation (10). 

where 𝑢refdenotes a high-resolution reference solution computed using fine-grid FEM or spectral discretization 

[2,15]. 

6.1 Nonlinear Heat Transfer 

We first consider a one-dimensional nonlinear heat equation:  

∂𝑢

∂𝑡
=

∂

∂𝑥
((1 + 𝛼𝑢2)

∂𝑢

∂𝑥
),                                         (11) 

The nonlinear heat conduction benchmark is governed by Equation (11). 
 

with Dirichlet boundary conditions and a thermal shock initial profile. Nonlinear diffusion of this type is 

commonly used to test stability and resolution properties of PDE solvers [6,15]. 

Table 1: Quantitative Comparison of Numerical Methods for Nonlinear Heat Transfer Problem 

Method Relative L2 Error Iterations CPU Time (s) 

Classical Integral Transform 0.0142 120 18.3 

Spectral Method 0.0116 95 16.7 

FEM (quadratic) 0.0104 — 22.8 

PINN [4,6] 0.0098 3500 96.4 

Proposed Adaptive Transform 0.0088 82 20.6 

Compared to the classical integral transformation, the adaptive framework achieved a 38.0% reduction in relative 

L2 error: 
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0.0142 − 0.0088

0.0142
× 100 = 38.0%. 

The adaptive kernel effectively reduced oscillations near steep gradients and converged in fewer iterations than 

the fixed-kernel formulation. While computational costs increased by approximately 12%, runtime remained 

substantially lower than PINN training costs [4,6]. 

As shown in Table 1, the proposed adaptive transform achieved the lowest relative L2 error and improved 

convergence efficiency compared with classical integral transforms, spectral methods, FEM, and PINNs. 

6.2 Turbulent Fluid Flow 

Next, we examine the two-dimensional incompressible Navier–Stokes equations at Reynolds number 𝑅𝑒 = 1000. 

Turbulent flows are known to challenge classical spectral and transform-based methods due to rapidly evolving 

energy spectrum and nonlinear coupling [2,20,21]. 

Accuracy was evaluated using velocity fluctuation statistics and vorticity field error. 

Table 2. Error Comparison of Numerical Methods for Turbulent Fluid Flow Simulation 

Method Velocity Error Vorticity Error Modes Used CPU Time (s) 

Classical Spectral [2] 0.092 0.105 256 31.2 

FEM [22] 0.084 0.097 — 44.5 

PINN [4,7] 0.073 0.081 — 185.7 

Proposed Adaptive Transform 0.056 0.063 192 34.8 

Table 2 demonstrates that the adaptive transform framework significantly reduced both velocity and vorticity 

errors while requiring fewer spectral modes than conventional spectral methods. 

Observations 

• 39.1% reduction in error compared to classical spectral methods 

• Approximately 25% reduction in required spectral modes 

• Improved stability during inverse transformation 

• No spurious high-frequency oscillations observed 

The adaptive kernel dynamically redistributed spectral energy in response to evolving flow structures, enhancing 

resolution of vortical features without increasing mode count. Such adaptive spectral control is consistent with 

operator-learning principles [10–12]. 

6.3 Thermoelastic Wave Propagation 

Finally, a coupled thermo-mechanical system was considered as it described in equation 12: 

 

𝜌
∂2𝑢

∂𝑡2 = ∇ ⋅ 𝜎(𝑢, 𝑇),
∂𝑇

∂𝑡
= 𝑘Δ𝑇 + 𝛽

∂𝜀

∂𝑡
.    (12) 

 
Strong coupling between thermal and mechanical fields can induce inversion instability in classical transforms 

[1,15]. 
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Table 3: Quantitative Results for Thermoelastic Wave Propagation 

Method Displacement Error Temperature Error Iterations CPU Time (s) 

Classical Transform 0.031 0.028 140 24.1 

FEM [22] 0.024 0.022 — 36.8 

PINN [6] 0.021 0.020 4200 212.5 

Proposed Adaptive Transform 0.019 0.018 94 26.3 

According to Table 3, the adaptive framework provided the best overall thermoelastic solution accuracy with 

reduced inversion artifacts and faster convergence. 

The adaptive framework achieved a 38.7% improvement over the classical transformation and demonstrated faster 

convergence with reduced inversion artifacts. Computational overhead remained moderate (≈9%). 

6.4 Computational Complexity Analysis 

Let: 

• 𝑁= number of spatial discretization points 

• 𝑀= kernel parameter dimension 

Per-iteration complexity is: 

𝑂(𝑁log 𝑁 + 𝑀𝑁), 

 

where 𝑂(𝑁log 𝑁)corresponds to classical transform evaluation [2], and 𝑂(𝑀𝑁)reflects kernel updates. 

For typical values 𝑀 = 40, 𝑁 = 512, overhead remains modest. 

By contrast, PINNs typically require: 

𝑂(𝑁 × epochs × network size), 
which leads to significantly higher computational cost in moderate-scale PDE problems [4,12]. 

Stability and Convergence Behavior 

Across all case studies: 

Residual norms decreased monotonically 

No divergence observed for 0 < 𝜂 < 2/𝐿(consistent with Section 4) 

Kernel parameters remained bounded due to regularization 

Empirically: 

Adaptive transform: 70–100 iterations 

Classical transform: 120–150 iterations 

PINNs: 3000–5000 epochs 

These findings align with known convergence behavior in gradient-based PDE solvers [4,9]. Average 

improvement over classical transformations: 
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Table 4. Overall Performance Improvement of the Proposed Adaptive Transform Framework 

Problem Improvement (%) 

Heat Transfer 38.0% 

Turbulent Flow 39.1% 

Thermoelastic 38.7% 

Average 38.6% 

Table 4 summarizes the consistent performance gains achieved by the adaptive transform framework across 

multiple nonlinear engineering applications. 

Key observations: 

• Computational overhead remained below 15% 

• Accuracy was comparable to or better than FEM in moderate-scale problems [22] 

• Runtime remained substantially lower than PINNs [4,6,12] 

6.5 Discussion 

The numerical results indicate that embedding learnable parameters directly within the integral transform kernel 

improves accuracy and spectral stability while preserving analytical structure. However, several limitations should 

be noted: 

• Hyperparameter tuning remains necessary 

• Computational overhead is slightly higher than fixed transforms 

• Validation is currently limited to moderate-scale systems 

Accordingly, the framework should be viewed as a robust extension of classical integral transform theory [1,2] 

rather than a replacement for large-scale finite element solvers [22]. Its primary advantage lies in combining 

analytical interpretability with controlled adaptability, offering a balanced alternative to purely data-driven solvers 

[4,10–12]. 

7 Applications 

The adaptive nature of the proposed hybrid AI-driven transform framework makes it applicable to a broad range 

of engineering and scientific problems where classical transform techniques may encounter limitations. By 

allowing the transform kernel to evolve in response to system dynamics, the framework is particularly suited to 

applications characterized by strong nonlinearity, Multiphysics coupling, and rapidly changing solution features. 

Nonlinear Diffusion and Transport Phenomena 

In nonlinear diffusion and transport processes, accurately resolving moving fronts, sharp gradients, and phase-

change interfaces remains a persistent challenge. Fixed kernel transforms often smear localized features or 

introduce oscillatory artifacts during inversion, particularly in reactive transport and porous media flows [1,2]. 

Learning-enhanced PDE solvers have shown improved robustness in such settings [8,9], suggesting that adaptive 

spectral control can significantly enhance stability. The proposed framework adjusts its spectral representation 

dynamically, enabling improved accuracy in nonlinear heat conduction, reactive transport, and phase-transition 

modeling. 

Vibration Analysis and Structural Dynamics 

Many mechanical systems exhibit nonlinear stiffness, amplitude-dependent damping, and time-varying material 

behavior. Classical frequency-domain transform techniques may struggle to capture these nonlinear effects reliably 

[2,16]. By adapting its kernel to evolving dynamic behavior, the proposed framework provides improved time–
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frequency representations. This enables more accurate characterization of nonlinear resonance, transient response, 

and energy dissipation in structural systems. Such adaptability aligns with modern reduced-order and learning-

based modeling strategies for nonlinear dynamical systems [17]. 

Turbulent Flow and High-Reynolds-Number Dynamics 

Turbulent flow modeling remains one of the most challenging areas in computational engineering. Rapidly 

evolving energy spectra and multiscale interactions can lead to truncation errors and instability in classical spectral 

and transform-based methods [2,20,21]. Learning-based PDE solvers, including PINNs and neural operators, have 

demonstrated improved flexibility in nonlinear flow regimes [4,7,10]. The adaptive transform framework similarly 

enhances spectral resolution while preserving stability, enabling more accurate representation of vortical structures 

using fewer modes. This capability is particularly relevant for high-Reynolds-number flows and propulsion-related 

applications. 

Electromagnetic Field Modeling 

In electromagnetic systems, nonlinear material responses, dispersive media, and time-varying boundary conditions 

can degrade the performance of traditional transform methods [1]. Operator-learning approaches have 

demonstrated advantages in modeling wave propagation in complex media [10–12]. The proposed adaptive kernel 

mechanism offers a complementary perspective by retaining the analytical structure of classical transformations 

while allowing the spectral representation to adjust dynamically. Applications include wave propagation in 

nonlinear media, antenna analysis, and electromagnetic compatibility studies. 

Biomedical Imaging and Signal Processing 

Beyond traditional engineering domains, adaptive transform techniques show potential in biomedical imaging and 

signal processing. Nonlinear tissue interactions, nonstationary physiological signals, and noise contamination 

often limit the effectiveness of static transform approaches. Learning-based methods have improved image 

reconstruction and feature extraction in such contexts [17]. By dynamically adapting its spectral characteristics, 

the proposed framework can better preserve localized features and transient patterns in tomographic imaging and 

biomedical signal analysis. 

Material Fatigue and Structural Health Monitoring 

In material fatigue and damage evolution, structural response changes gradually as microcracks develop and stress 

concentrations shift. Fixed-kernel transforms may not capture these evolving stress patterns effectively. Adaptive 

transform strategies can track changes in spectral content associated with damage progression, offering improved 

predictive capability for structural health monitoring and remaining-life estimation [18]. 

Energy Systems, Geophysics, and Digital Twins 

Additional promising applications include seismic and geophysical modeling, where wave propagation occurs in 

heterogeneous and nonlinear media [21]; advanced energy systems such as batteries and fuel cells, characterized 

by coupled thermal–electrochemical dynamics; and digital twin frameworks, where real-time adaptability and 

robustness are essential for monitoring and control [24]. The integration of adaptive transformations within digital 

twin architectures may enhance predictive performance and system resilience. 

Taking together, these applications illustrate the broad relevance of AI-enhanced integral transformation 

techniques across modern engineering and applied science. By transforming the integral operator into a learning-

enabled component, the proposed framework extends the practical scope of transform-based analysis to complex, 

nonlinear, and dynamically evolving systems, while preserving analytical interpretability [1,2]. 

8 Conclusion 
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This study has presented an adaptive integral transform framework in which artificial intelligence is embedded 

directly within the transform kernel. By allowing kernel parameters to evolve dynamically based on residual 

feedback, the proposed approach addresses several limitations associated with classical fixed-kernel integral 

transforms [1,2]. In particular, the framework improves stability and accuracy in nonlinear and time-dependent 

regimes where traditional spectral representations may deteriorate [6,15]. 

Across multiple nonlinear engineering case studies—including heat conduction, turbulent flow, and thermoelastic 

wave propagation, the adaptive formulation demonstrated consistent improvements in convergence behavior and 

solution accuracy. Unlike conventional transform techniques that rely on a static spectral basis, the proposed 

method continuously refines its kernel representation in response to evolving system dynamics. This adaptive 

capability enables improved handling of sharp gradients, multiphysics coupling, and rapidly changing spectral 

content, while preserving the analytical structure of the transform operator. 

Importantly, the framework maintains a clear distinction from purely data-driven solvers such as physics-informed 

neural networks and neural operators [4,10–12]. Rather than replacing analytical structure with deep network 

approximations, the present approach retains the mathematical foundation of classical transform theory [1,2] and 

incorporates learning in a controlled and theoretically grounded manner. Convergence behavior follows 

established gradient-based optimization principles [3,9], and stability is supported by boundedness and 

regularization mechanisms. 

From a computational perspective, the results indicate that adaptive kernel learning can reduce reliance on 

excessive discretization or high-order filtering strategies commonly required in nonlinear regimes [2,15]. Although 

a moderate computational overhead is introduced relative to fixed transforms, runtime remains substantially lower 

than that typically required by large-scale neural network training [4,12]. The framework is also compatible with 

existing numerical solvers and transform-based workflows, facilitating practical integration into current 

engineering environments. 

Several limitations should be acknowledged. Hyperparameter selection remains problem-dependent, and 

validation has thus far been conducted on moderate-scale systems. Further theoretical work is needed to extend 

convergence guarantees to broader classes of nonlinear operators. 

Future research directions include the integration of reinforcement learning strategies for automated kernel 

adaptation, large-scale parallel and GPU-accelerated implementations for high-dimensional systems, and 

incorporation into digital twin frameworks for real-time monitoring and predictive control [20,24]. Additional 

investigation into uncertainty quantification, data assimilation, and operator-theoretic analysis will further 

strengthen the theoretical foundation of the method. 

Overall, this work suggests that AI-enhanced, self-evolving integral transforms offer a structured and 

mathematically grounded extension of classical transform techniques. By bridging analytical rigor with controlled 

adaptability, the proposed framework provides a promising pathway for accurate, stable, and computationally 

efficient solution of nonlinear differential equations in modern engineering systems. 
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إطار تكاملي ذاتي التكيفّ للتحويلات التكاملية من أجل الحل المتين للمعادلات التفاضلية 

 الخطية غير 
 

  2د. سونو جوبتا ،  * 1 أرمندر ريدي كموله
 ، مسقط، سلطنة عُمانية مزونكلقسم الحوسبة والمعلوماتية،  1

  ، جايبور، الهندAgarwal PG Collegeأستاذ مساعد في الرياضيات،   2
 

 
 الملخص: 

  كفاءة   وذات  أنيقة  حلول  من  توفره  لما  التطبيقية،  والرياضيات  الهندسة  مجالي  في  فعاّلة   تحليلية  أدوات  التكاملية  التحويلات  شكّلت  لطالما
  الأمر  متكيفّ، وغير ثابت بطابع تتسم التحويلات  لهذه التقليدية  الصيغ فإن  ذلك،  ومع. التفاضلية المعادلات من  واسع لطيف  عالية حسابية

.  التغيرّ  سريعة  الديناميكية  أو  الزمن،   على  المعتمدة  أو  اللاخطية،  شديدة  الهندسية  الأنظمة  مع  التعامل  عند  أدائها  تراجع   إلى  غالباً  يؤدي   الذي
  متغيرة   حدية  وظروف  ،(Multiphysics Coupling) الفيزياء  متعدد  واقتران  حادة،  تدرجات  بوجود  تتسم  التي  الحديثة  التطبيقات   ففي

 الأساسية  الفيزيائية  الخصائص  وتشويه  الطيفية،  الدقة  وانخفاض  عددي،  استقرار  عدم  حدوث  في  الثابتة  التحويل  نوى  تتسبب  قد  بسرعة،
   .للحلول

  من   وبدلًا .  التحويل  نواة  داخل  مباشرة   الاصطناعي  الذكاء   تقنيات  دمج  فيه  يتم   التكاملية،  للتحويلات  التطور  ذاتي  إطارًا  الدراسة  هذه  تقدم
 الحساب  عملية  أثناء  مستمرة  بصورة  النواة  معاملات  تحُدَّث  إذ   تكيفية؛  طبيعة  ذا   يصبح  سلبياً،  رياضياً  مؤثرًا  بوصفه   التحويل  يعمل  أن

 التعلم،  على المعتمدة الآلية هذه خلال  ومن. النظام استجابة ومؤشرات (Residual Feedback) المتبقيات من راجعة تغذية إلى استناداً
 العكسية،   العمليات  استقرار  وتعزيز  التقارب،  سلوك  تحسين  في  يسهم  مما  الحقيقي،  الزمن  وفي  ديناميكياً  الداخلية   بنيته  بتعديل  التحويل  يقوم

 .للحلول المعنى ذات الفيزيائية الخصائص على أفضل بصورة والحفاظ

 التحويلات   وبين  بينها   معيارية  مقارنة  إجراء   مع  المتبقيات،  تقليل  ومؤشرات   2L    النسبي  الخطأ  معيار  باستخدام  المقترحة  المنهجية  تقييم  تم
 متوسطًا   انخفاضًا  العددية  التجارب  وأظهرت(.  FEM)  المحددة  العناصر  وطريقة  الطيفية،  والطرق  الثابتة،  النوى  ذات  التقليدية  التكاملية

 لا   —  محدوداً  حسابياً  عبئًا  يضيف  المقترح  التكيفي  الإطار  أن  من  الرغم  وعلى.  التوالي  على  %29.8و  %34.2و  % 37.6  بلغ   الخطأ  في
  . للحلول الكلية والدقة الطيفي الاستقرار في ملحوظًا  تحسنًا يحقق أنه التقليدية إلا التحويل بتقنيات مقارنة %12 يتجاوز

 ، المعادلات التفاضلية غير الخطية  ،التعلم المعتمد على الذكاء الاصطناعي لنواة التحويل  ،التحويلات التكاملية التكيفية:  الكلمات المفتاحية

 .  الاستقرار الطيفي ،الأنظمة الهندسية، الذكية الأساليب الهجينة التحليلية

 

 


